Abstract. In this paper we want to investigate two notions of the cardinality of relations in the context of allegories. The different axiom systems are motivated on the existence of injective and surjective functions, respectively. In both cases we provide a canonical cardinality function and show that it is initial in the category of all cardinality functions over the given allegory.
Introduction
The calculus relations, and its categorical versions in particular, are often used to model programming languages, classical and non-classical logics and different methods of data mining (see for example [1-3, 7, 8] ). In certain applications the cardinality of those relations is of interest. For example, finite trees can be characterized as those connected graphs satisfying the numerical equation e = n − 1 relating the number of edges e and vertices n. Since graphs can be considered as binary relation an abstract formulation of the property above in the theory of allegories needs a notion of cardinality.
In this paper we want to investigate two notions of the cardinality of relations in the context of allegories. The first notion is motivated by the standard cardinal (pre)ordering of sets, i.e. a set A is smaller than a set B if there is an injective function from A to B. The second notion will be based on surjective function, i.e. we consider a set A smaller than a set B if there is a surjective function from B to A. Ignoring the empty set, the two notions are equivalent in regular set theory with the axiom of choice. Since the theory of allegories is much weaker we cannot expect such a result in general.
In both cases we provide a canonical cardinality function and show that it is initial in the category of all cardinality functions over the given allegory. Last but not least, we give an additional axiom characterizing the canonical cardinality function (up to isomorphism).
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Given a category C we denote its collection of objects by Obj C and its collection of morphisms by Mor C . To indicate that a morphism f has source A and target B we usually write f : A → B. The collection of all morphisms between A and B is denoted by C [A, B] . We use ; for composition of morphisms, which has to be read from left to right, i.e. f ; g means first f then g. The identity morphism on the object A is written as I A . 
3. Assume h; h k; k = I D . Then we have
This was already shown in 2.145 of [4] .
The previous lemma also implies that tabulations are unique up to isomorphism.
The next lemma is concerned with a tabulation of the meet of two relations.
Lemma 4. Let R be an allegory, and Q i : A → B be relations tabulated by
satisfying the following:
If there are functions k
Proof. From Lemma 3 (1) and (3) we get h i = f ; f i g i ; g i . It just remains to verify the second property. Assume k i : E → C are as required, and let
Since f, g is a tabulation of Q 1 Q 2 there is a unique function m : E → D with m; f = p and m; g = q. We conclude m;
The last lemma of this section is a technical lemma that will be used in Section 5. 
This completes the proof.
Notice that in the situation of the previous lemma we always have
so that the assertion could be formulated alternatively as follows:
Q; Q R; R I A iff h 0 ; g and f 0 ; k is a tabulation of Q ; R.
Cardinal Preorderings on Objects
In this section we want to study two notions of preordering on the class of objects of an allegory. In set theory (with the axiom of choice) both notions are equivalent for nonempty sets. Since the theory of allegories is much weaker we cannot expect the same for arbitrary allegories. We want to give several examples showing that i and s are different in general -even in the case of tabular allegories. The structure can be visualized by the following graph:
It is easy to verify that this structure is closed under composition, converse and intersection, and is, therefore, an allegory. Furthermore, this allegory is tabular. The only relation that is not a function or a converse of a function is f ; f , which is tabulated by the pair (f, f ).
f is an injective function so that we get A i B. On the other hand, there is no surjective function from B to A so that A s B does not hold. The order structure induced by s is discrete whereas the order structure induced by i is a linear.
This example can be extended by adding the objects {1, 2, 3}, {1, 2, 3, 4}, . . . and the corresponding inclusion functions. s remains to be discrete and i is linear of length ω. It is easy to verify that the following properties are satisfied:
The properties above show that the set of relations {R p n | n ≥ 0, p ∈ Z} is closed under all operations of an allegory.
Consider the allegory given by two copies of the natural numbers ω 1 , ω 2 and the morphism sets as indicated in the following diagram:
In this allegory there is an injection R This example is pre-tabular, i.e. every relation is in included in a tabular relation. This follows from the fact that every relation is included in an injection or in the converse of such a relation. The embedding of a pre-tabular in a tabular allegory by splitting partial identities is full. Consequently, the resulting allegory omits the same example as above but is tabular. The structure can be visualized by the following graph:
It is easy to verify that this structure is closed under composition, converse and intersection, and is, therefore, an allegory. This allegory is not tabular since BB has no tabulation.
g is a surjection so that we get A s B, but there is no injective function from A to B so that A i B doe not hold.
There is also an example of tabular allegory omitting two objects A and B with A s B and A i B. This example uses a substructure of a model of ZF not satisfying the axiom of choice and its tabular closure within the given model of set theory. Details can be found in [6] .
Cardinality Function (injective case)
We now give the definition of cardinality function motivated by the preordering i . 
|.| i is called strong iff it is surjective as a function and |I
The first axiom has its obvious motivation in concrete relations. All versions of cardinality functions in this paper use this axiom so that we call it C0. It turns out in the next section that the second axiom actually characterizes the usage of injective functions. An immediate consequence of the last axiom (see Lemma 6(2)) is that one may compute the cardinality of a relation using its tabulation (if it exists). This idea is the motivation of Axiom (3). We will show later that the strong property makes the cardinality function unique (up to isomorphism).
The first part of the next lemma shows that an (injective) cardinality function is based on the preoredering i .
Lemma 6. Let |.| i be a cardinality function over the allegory R. Then:

If i : A → B is an injection, then |I
A | i ≤ |I B | i . 2. If R : A → B has a tabulation f : C → A and g : C → B, then |R| i = |I C | i .
Proof. 1. i is univalent and we have i; i = i; i
i; i = I A since i is total and injective so that Axiom I2 shows |I A | i = |i ; i| i . The latter is less than or equal to |I B | i , which follows from i ; i I B by Axiom I1.
2. This is an immediately consequence of Axiom I2 since f and g are functions with f ; f g; g = I C and R = f ; g.
In order to define the canonical cardinality function on allegories for the injective case we need tabulations. Consequently, we will assume for the rest of this section that the given allegory R is tabular.
Let us denote by [A] i the equivalence class of an object with respect to ∼ i and by (Obj R / ∼ i , ≤ i ) the ordered class of those equivalence classes. Notice that the canonical cardinality function is well-defined since tabulations are unique up to isomorphism. 
i.e. h is a function. Analogously, k := f ; V is a function. We get
We conclude that h :
In order to characterize the canonical cardinality function we use the category Card i (R). The objects of this category are the cardinality functions based on R. A morphism between two cardinality functions |.| 
Theorem 1. A strong cardinality function is an initial object of Card i (R).
Proof. Assume |.| The canonical cardinality function is strong by definition so that we get the following corollary:
Corollary 1. The canonical cardinality function is an initial object of Card i (R).
A further consequence is that any initial object of Card i (R) must be strong because it is isomorphic to the canonical cardinality function.
Corollary 2. A cardinality function is an initial object of Card i (R) iff it is strong.
Cardinality Function (surjective case)
We now give the definition of cardinality function motivated by the preordering s . 
|.| s is called strong iff it is surjective as a function and |I
S1 is also called the Dedekind inequality because of its similarity to the Dedekind formula. Notice that a weaker version was already used in [5] .
The first part of the next lemma shows that a (surjective) cardinality function is based on the preordering s .
Lemma 8. Let |.| s be a cardinality function over the allegory R. Then:
Proof. 1. We have s ; s = I A and I B s; s and conclude
2. Let U : C → A and V : C → B be univalent relations with U ; U V ; V I C . Then the assertion follows from
3. This property uses the same proof as in Lemma 6(2) using (2) of the current lemma. Notice that monotonicity of the cardinality function is not used in that proof.
Again, we are just able to define the canonical cardinality function using tabulations. Therefore, we will assume for the rest of this section that the given allegory R is tabular.
As before, let us denote by [A] s the equivalence class of an object with respect to ∼ i s and by (Obj R / ∼ s , ≤ s ) the ordered class of those equivalence classes. 
shows that k ; y 1 ; y 2 is included in the tabulation m, n so that there is a unique function w : E → W with w; m = y 1 ; k and w; n = y 2 by Lemma 3(1). Furthermore, we have Q; R = f Q ; g Q ; f R ; g R = f Q ; m ; n; g R so that there is a surjection e : W → U with e; f Q;R = m; f Q and e; g Q;R = n; g R by As in the injective case we want to characterize the canonical cardinality function. Again we use the category of cardinality functions Card s (R), which is defined analogously to Card i (R).
Theorem 2. A strong cardinality function is an initial object of Card s (R).
Proof. The proof of this theorem is similar to the proof of Theorem 1 using Lemma 8(3) instead of Lemma 6(2).
